This paper describes the use of fits to near-dissociation expansions (NDE's) for performing optimum vibrational level energy extrapolations to determine diatom dissociation energies, together with realistic estimates of the uncertainties due to model-dependence. The imposition of extended near-dissociation theory constraints on the leading deviation from limiting near-dissociation behavior is introduced and applied for the first time. Fits of recently determined vibrational energies for Mg+-Ar, Mg+-Kr, and Mgf-Xe to near-dissociation expansions yield improved estimates of the dissociation energies and realistic predictions for the total number and extrapolated energies of upper vibrational levels for both the A *II and X *c+ states. A combined analysis of the data for the A 211,,z and 'II,,, states, and of the vibrationally-dependent spin-orbit splittings, yields particularly compact internally consistent results for these systems.
I. INTRODUCTION
Vibrational level energy extrapolations are the most accurate and generally applicable method of determining molecular dissociation energies.lm3 A longstanding problem with this technique arose from uncertainty regarding the appropriate functional behavior to expect for levels lying above the highest ones observed.' However, it was solved in principle a quarter century ago by the demonstration that the properties of vibrational levels lying very near dissociation depend mainly on the long-range inverse-power tail of the intermolecular potential, and the derivation of simple analytic expressions for vibrational level spacings4" and other propertie?* in terms of the parameters of the asymptotically dominant term in the potential. Most early applications of those results involved the analysis of data for vibrational levels lying very near a potential asymptote, where the limiting theory was expected to be quantitatively valid.4~5~9"0 However, it was soon realized that knowledge of this limiting behavior could also be a very powerful tool in the analysis of data for levels which did not lie in this region.
In the latter case, one usually still wishes to extrapolate beyond the range of the observed levels to determine estimates of the dissociation energy and of the number, energies and other properties of unobserved high-lying levels. Graphical extrapolation methods based on a knowledge of the limiting near-dissociation behavior of vibrational level spacings were successfully applied to a number of systems.1t*'2 However, a more quantitative approach is to fit the experimental data to "near-dissociation expansion" (NDE) functions, which consist of empirical expansions about the theoretically-known limiting functional behavior at dissociation. '3*'4 The approach introduced in Ref. 13 also included a procedure for estimating uncertainties in the fitted parameter values which included contributions from "model dependence." The present paper introduces and applies an extension of that approach which makes use of the extended near-dissociation theory of Ref. 15 to impose an additional constraint on the vibrational extrapolation.
In recent work, Pilgrim et a/.16717 used mass-selected photodissociation spectroscopy to observe the A *II-X *C + spectra of Mgf-Ar, Mgf-Kr, and Mg+-Xe formed in a pulsed nozzle/laser vaporization cluster source. From those data they determined the vibrational energies of from 12 to 15 vibrational levels of the A 211,,2 and 211s,2 states, as well as estimates of the vibrational fundamental for the X 2z' state. Linear extrapolations on plots of vibrational spacings AG u+112 vs vibrational quantum number u (Birge-Sponer plots) were then used to determine dissociation energies for the A states, and combination of these results with the vibrational origins and atomic excitation energies yielded recommended dissociation energies for the X '2' ground state.17 However, the use of linear Birge-Sponer extrapolations is not a particularly reliable way of performing long vibrational extrapolations.2"8 This is particularly true for molecular ions, where the long range of the attractive C4/r4 tail of the intermolecular potential energy function gives rise to a much higher density of levels near dissociation than is the case for comparable neutral species.5"3 The present work describes the use of near-dissociation theory techniques to reanalyze these data and determine improved estimates of the dissociation energies of these three Mg+-(rare gas) species.
In the following, Sec. II A reviews both the nature of near-dissociation expansions and the present procedure for taking account of model-dependence when estimating the uncertainties in fitted parameters. The extension of the method to take account of the leading deviation from limiting near-dissociation behavior for the case of a molecular ion is then presented in Sec. II B, together with a determination of the long range potential constants for (alkaline earth ion)-(rare gas atom) diatomics. Section III then presents a reanalysis of the data for Mgf-(rare gas) molecules which applies a unified treatment to the data for the A *II,/, and 2113/2 states and the associated spin-orbit splittings. In spite of the fact that only one vibrational spacing was observed for it, useful vibrational extrapolations are also obtained for the ground X 'Cf state. Section IV then summarizes our conclusions.
II. BACKGROUND AND METHOD OF ANALYSIS
A. Near-dissociation expansions and "averaging over models" It has long been known that the limiting neardissociation behavior of vibrational spacings4*5 and other properties+* of a diatomic molecule is quantitatively determined by the asymptotically-dominant attractive inversepower term in its intermolecular potential energy function. Because of the extreme asymmetry of potential energy curves near their asymptotes, the properties of vibrational levels lying near dissociation depend mainly on the nature of the long-range tail of the interaction energy. For most bound electronic states of diatomic molecules, the long-range potential asymptotically takes on the simple inverse-power form where ug is the effective (in general noninteger) vibrational index at dissociation, X,(n) =%,(n)I[p."(C,)*] 1'(n-2), p is the diatom reduced mass (in amu), and X,(n) is a numerical factor depending only on physical constants and the value of n ~4,5,19,20 Near-dissociation expansions (NDE) incorporate the limiting behavior of Eq. (2) into empirical expansions which account for the observed pattern of energies of the lower levels. The present work utilizes two families of NDE's. In the first, deviations from the limiting behavior are represented by rational polynomial (or Padi approximant) expansions,
where D is the dissociation limit and r the internuclear distance. For this case it has been shown that the limiting neardissociation behavior of the vibrational level energies is given by the expression
where the power s is set at either s= 1 (to yield "outer" expansions) or s = [ 2nl(n -2)] (yielding "inner" expansions),
and the power t in Eq. (4) is determined by the theoretically known form of the leading correction to the limiting behavior of Eq. (2)." The second type of NDE considered here is the exponential expansion
Li=l J where the power t has the same meaning as in Eq. (4). The fundamental ansatz underlying the use of NDE's is that fitting experimental data to expansions such as Eqs. (3) and (5), which incorporate the theoretically-known limiting near-dissociation behavior, will yield more realistic estimates of the physically significant extrapolation intercept parameters D and ug than could otherwise be obtained. In particular, it replaces "blind" empirical extrapolations by an interpolation between experimental data for levels lying far from dissociation, and the exactly-known functional behavior for that property at the limit. Moreover, such expressions may also provide much more compact accurate representations of the experimental data than do conventional power series expansions. [21] [22] [23] In the absence of data for levels lying very close to dissociation, it would of course be unreasonable to expect to determine meaningful values of the constant X,(n), and hence of the underlying potential constant C,, from NDE fits. Conversely, for such fits to yield sensible extrapolations and realistic D and ug values, it is important that a reason-I able estimate of the C, coefficient determining the limiting behavior constant X,(n) be known in advance. Fortunately, for the molecular ions of interest here, reliable estimates of this coefficient are readily obtained from theory (see below). Moreover, the extended near-dissociation theory of Ref. 15 shows that the second-longest-range inverse-power term in the intermolecular potential determines the nature of the leading deviation from the limiting behavior of Eq. (2). In particular, it determines both the power t in the expansions of Eqs. (4) and (5), and the value of the leading expansion coefficient pt + i or qt+ i. It will be seen below that use of this additional constraint significantly improves the quality of the results obtained from a NDE analysis.
In general, fits of a given data set to different NDE functions will yield different estimates of the extrapolation intercept parameters D and ug . Since there exists no single optimum NDE form, to obtain optimum estimates of these parameters and of the uncertainties with which they are known, it is necessary to take account of the dependence of the results on the nature of the model function being fitted to. In the present work, this is done using an extension of the "averaging-over-models" procedure introduced in Ref. 13 . That approach requires that the experimental data be fitted to a range of different NDE model functions, and the values of the physically significant parameters yielded by fits of roughly equal quality be averaged together. In this averaging, the weight given to a parameter value obtained from a fit to a particular NDE form should reflect both the correlated parameter uncertainty for the fit to that model, and the overall quality of fit to the data. Thus, if a fit to model k [as defined by a particular choice of L in Eq. (5), or of L, M, and s in Eq. (3)] which has an overall standard error of ak yields a parameter value Pk with a 95% confidence limit uncertainty u(P,) (where P=D or u,), then the (unnormalized) weight pTqparameter value Pk used in the present averaging scheme IS' (6) The recommended value of this parameter would then be I'=c (M';Pk) 2 b';, /
k / k where the sum over k includes as wide a range of (realistic) models as possible.
In estimating the uncertainty in a "model-averaged" parameter value obtained from Eq. (7), account must again be taken of both the individual parameter uncertainties u( Pk), and of the variance among the estimates obtained from different models. The uncertainty due to model-dependence is not expected to be correlated to that associated with the fits to the individual models, so this overall parameter uncertainty, at a 95% confidence level, is calculated from the expression where Nk is the number of models considered and fg5(m) the student t-factor corresponding to a 95% confidence interval for m degrees of freedom.25Y26 Note that in this averaging procedure, it is usually desirable to exclude cases for which the quality of fit is poor, since the associated Pk values may be quite unrealistic.
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As a final step in a NDE analysis, one wishes to obtain a compact "recommended" vibrational energy expression which will both reproduce the experimental data within their uncertainties, and provide realistic estimates of the energies of unobserved levels up to dissociation. This is most conveniently done in two stages. In the first, fits to a wide range of NDE expansions [with X,(n), and if possible also the leading expansion coefficient pt+ 1, fixed at theoretically known values] are used to obtain model-averaged estimates of D, ug, and their uncertainties. With ug held fixed at a roundedoff version of the average value CD, the fits are then repeated and a "recommended" expansion selected using the criteria that both the standard error of the fit and the number of empirical expansion parameters be as small as possible, and that the fitted D, value lie close to the original modelaveraged D value. For the sake of consistency, the value of D associated with this selected expansion may be reported in place of the original fi value, although the original estimate of U(B) would of course be retained.
Values of conventional spectroscopic parameters such as OJ, and w,x, , or of any other quantities defined by the vibrational energy expression G(U), may be calculated from Eqs.
(3) or (5) and their derivatives. For such results to be useful, however, it is essential to have estimates of the associated uncertainties. Fortunately, they can also readily be generated. In particular, consider the value of a property F({pj}) calculated using a particular NDE function defined by the set of A4 fitted parameters {Pj}, which have associated (say) 95% confidence limit uncertainties of {~<Pj)}. The 95% confidence limit uncertainty in the value of F generated using that particular model is
where CM is the correlation matrix associated with the fit and PD is an MX 1 column matrix of elements
for j=l to M. Equations (6)- (8) may then be used to generate model-averaged values of F and of the overall uncertainty U(F) .
A computer program for fitting vibrational energies to Eqs. (3) and (5) for a range of L and A4 values, and automatically performing the averaging-over-models represented by Eqs. (7) and (8), both for parameters of the model such as D or ug and for derived quantities such as we and w,x, , may be obtained from the author on request.27 This program can also apply the type of extended near-dissociation theory constraint described below.
B. Long-range theory and NDE functions for molecular ions
While the procedure outlined above governs the general use of NDE's for vibrational extrapolations, the present section summarizes considerations associated with their application to molecular ions which dissociate to yield an ion plus a neutral atom. In this case, the asymptotically-dominant inverse-power term in the long-range intermolecular potential of Eq. (1) corresponds to II =4. The associated potential constant is entirely due to a charge-induced dipole interaction, and the resulting coefficient is (in atomic units) C4= C$'d=Z2~d/2, where CQ is the dipole polarizability of the neutral atom and Z the number of charges on the ion 5,19*28*29 For rare gas (Rg) atoms these polarizabilities are wei1 known,30 as is the numerical constant x,(4)= 13 433 (where masses, energies, and lengths are in units amu, cm-', and A, respectively).4,5*19,20 The C, and X,(4) constants for the species of interest here are readily generated from the above expressions, yielding the values listed in Tables I and II. Note that to simplify the resulting NDE functions, the finite precision of the theoretical C, constants is accounted for by rounding the X0(4) constants off at precisely the values shown in Table II . In all of the NDE fits reported below, these constants were held fixed at these values. (4) and p2 of Eqs. (2)- (5) Fixing the constant X,(4) at its theoretically-known value is the most important constraint associated with the use of NDE's. However, significant further improvements may be achieved on utilizing extended near-dissociation theory to constrain the form of the leading deviation from the limiting near-dissociation behavior. I5 If a diatomic ion dissociates to yield at least one fragment in an S electronic state, the second-longest-range inverse-power term in its intermolecular potential is C,lr6. In this case theory shows that taking account of the leading deviation from the limiting behavior of Eq. (2) yields the expression (where units of energy and length are again cm-' and A),'5,3'
(10)
In view of this result, the parameter t in Eqs. (4) and (5) was fixed at t = 1 in all of the NDE functions used in the present work. Moreover, if a reliable estimate of C, can be obtained from theory, use of Eq. (10) would allow the leading expansion coefficient (here p2) to be fixed, rather than be treated as an empirical parameter. As demonstrated below, imposition of this extended near-dissociation theory constraint yields significant improvements in the estimates of fi and VD yielded by the present analysis. In general, the long-range potential constant C6 for the interaction of an ion with a neutral atom is the sum of a charge-induced quadrupole induction term and a dispersion term,28,29
In atomic units, the first contribution to this potential constant is simply C, i"d=Z2~q12, where aq is the quadrupole polarizability of the neutral atom and Z the number of charges on the ion.29 For rare gas atoms these polarizabilities are well known,32.33 and the resulting values of CF" for rare gas atoms interacting with uny singly charged ion are also listed in Table I . Accurate theoretical predictions of Ctsp for molecular ions are in general much harder to come by than are the corresponding Ct" values, and for the species of interest here it appears that no directly calculated values of the former are available. On the other hand, quite reliable Cpp values have been reported for most alkali-Rg systems,33 which are isoelectronic to the species of interest here. In the present work, the latter values are combined with a scaling relationship to determine reasonable estimates of C;fisp for the Be+--, Mg+-, and Ca+-Rg systems.
The approximate Slater-Kirkwood theory expression for the C, constant governing the dispersion interaction between atoms A and B is (in atomic units)28*29*34
CzK(A -B) = 3 c&Y; 2 (c&N,)
where & is (again) the dipole polarizability of atom-i, N, is a constant which is approximately equal to the number of valence electrons for atom-i, e is the electron charge, and a0 the Bohr radius. Mason and McDaniel" point out that values of Ni are approximately constant for atoms in an isoelectronic sequence, and they list values of Ni for both neutral rare gas and alkali atoms. The latter therefore provide reasonable estimates of this quantity for the singly charged alkaline earth ions of interest here. Moreover, calculated values of the dipole polarizabilities of the first three singlycharged alkaline earth metal ions have been reported by Adelman and Szabo.35 The above information allows a direct calculation of Cz" values for the molecular ions of interest here. However, it seems reasonable to expect that more reliable estimates of @' for each of these species would be obtained by scaling the bounded directly-calculateds3 value of Ctsp for the isoelectronic alkali-Rg pairs in the following manner:
where M+ is the alkaline earth metal ion of interest. In the present applications of this expression, the values of C,(alkali-Rg) for alkali=Li and K were taken as the average of the upper and lower bound values from Table V of  Ref. 33. For the Na-Rg systems those bounds were anomalously wide, so the values used in Eq. (13) were C6 (Na-Rg) = xC,(Li-Rg) +C,(K-Rg)], which always lay between the reported bounds.
One final complication arises from the fact that most of the vibrational data reported for the Mg+-Rg pairs is for the excited A 'II state, which dissociates to a ground-state 'S rare gas atom plus a Mgf ion in its first excited 2P state.17 This has no bearing on the values of C4 or Ctd, which depend only on the polarizabilities of the ground-state rare gas atoms, but it does affect our predictions for Cpp. Fortunately, Molof et al.36 have measured the dipole polarizabilities of the ground states of all five alkali atoms, as well as those of the first excited states of K, Rb, and Cs. For the latter three species they found that that ad(*P)lad(*,S) =2.2, 2.7, and 3.8, respectively. These results suggests an analogous ratio of approximately 2.0 for the two lighter alkalis, Na, and Li. Assuming that these polarizability ratios also apply to the analogous isoelectronic singly-charged alkaline earth ions, one can also calculate Ci" for the M+('P)-Rg interactions, and again use Eq. (13) to generate reasonable estimates of C$"p for these cases.
The approach outlined above was used to generate the estimates of CtisP(M+-Rg) listed in Table III. Combining TABLE 111 . Values of C$"' for MC-Rg pairs generated using Eqs. (12) To within the experimental uncertainties. they found that the vibrational spacings were linear functions of ~1, and hence used linear Birge-Sponer (or Morse potential) extrapolations to estimate their dissociation energies. Hovvever, they reported no estimates of the uncertainties in the recommended dissociation energy. The present section describes a reanalysis of these same data using fits to NDE's. together with the averaging-over-models procedure described in Sec. II A, to determine optimum estimates of these dissociation energies and their uncertainties, and of the number and energies of the unobserved vibrational levels.
For the three Mg+-Rg species, the levels assigned to the A ?I,,, and 'H,,? states may be thought of as the upper and lower spin-orbit components of the levels of a single *II state. In the present analysis, the vibrational energies associated with these two spin-orbit components are averaged together to yield a set of "mechanical" vibrational energies. This approach is justified by the fact that the modest magnitudc and u-dependence of the spin-orbit splitting confirms that these species are Hund's case (a) molecules. It also prevents the u-dependence of the spin-orbit splitting from affecting an analysis implicitly based on the assumption that the vibrational level energies depend only on a single effective potential energy curve. Moreover, the standard errors of fits to these effective "mechanical" vibrational energies were between 8% and 35% smaller than those for equivalent fits to the vibrational energies of the individual spin-orbit components. which shows that this averaging significantly reduces the effective error in the input data. However, once the NDE analysis has determined optimum vibrational extrapolations from these "mechanical" data, the spin-orbit splittings will be reintroduced and used to generate predictions for the individual components.
The dissociation limit determined from these averaged vibrational levels should lie midway between the Mgf(2P l12) +Rg(2S) and Mgf(2P3,2)+Rg(2S) asymptotes of the A 2Hl,2 and 2113,2 electronic states. The ground-state dissociation energy D:(X) is thus determined from the thermodynamic cycle -
where D, is the energy of the average A-state asymptote relative to the ground-state zero-point level, and E(2P+2Sl, 2) the average of the *PI,, and *P3,2 excitation energies of Mg+.37
For Mg+--Ar and Mg+-Kr, 2113/2 and *IIn components were observed for all A-state vibrational levels excited from the u'=O level of the ground X 2c+ state,'7'38 so the desired "mechanical" A 2H state vibrational energies were readily obtained. For Mgf-Xe, however, while both components were observed for u '=2 to 13, only the 2H,,2 component was detected for levels u '= 14 and 15. Moreover, the errors associated with the two latter energies seem to be very much larger than those for u 'd 13, since their "obs-talc" discrepancies were always much larger than those for the other levels, and the standard errors of otherwise equivalent fits decreased by almost a factor of 2 when they were omitted. Thus, our NDE analysis for Mg+-Xe utilized only the data for A -state levels u ' =2-13.
For vibrational levels lying very near the dissociation limit of a molecular ion, Eqs. (2)- (5) and (IO) imply that plots of (AG,+l,2)"3 vs u, or of (AG,+',,)4'3 vs the level energy G(u + i), should be linear with intercepts un and D, respectively, and with slopes determined by the X,(4) constant. '"*'9'39 Moreover, independent of the availability of experimental data for this region, plots of this type provide a particularly clear way of illustrating the extrapolation behavior implied by different types of fits to the data. Neardissociation theory plots of this type are therefore used to illustrate the results of the fits reported below. In accord with the theoretical behavior implied by Eq. (lo), the base power f in Eqs. (4) and (5) was fixed at t = 1 in all of the NDE fits reported below, and when held fixed, the values of the theoretical C, and C, constants of Tables I and III were represented by the rounded near-dissociation theory constants given in Table II. B. Results of NDE fits to Mg+-Ar While equivalent analyses were performed for all three species, the results for Mg+-Ar are discussed in somewhat more detail, in order to illustrate the nature of the methodology. The first segment of Table IV summarizes the results of fits to the fifteen (spin-orbit averaged) vibrational levels (u '=O-14) of Mg+-Ar, performed using six different types of NDE functions. It is immediately clear that different types of expansions may yield quite different results, and hence that care must be taken if use of this method is to yield meaningful results. The vibrational spacings (or energy derivatives"') implied by some of these fitted NDE functions are presented in the near-dissociation theory plots of Fig. 1 . TABLE IV. Model-averaged results of NDE fits to data for the "mechanical" A *II states of Mg+-Ar, Mg'-Kr, and Mg+-Xe; NP4 = L + M is the total number of p and q expansion parameters utilized in Eq. (3) or (5). and Nk the number of models (associated with that-value of NPq) used to determine the averaged parameter values and uncertainties from Eqs. (6)-(g). Note that D, is the energy of the "average" A *lI state asymptote relative to the ground X(%+)-state zero point level, and that fii was generated from Eq. (14). aRecommended results. c ?he large uncertainties for this case merely reflect the magnitude of the 95% confidence limit student r-factor (tbs= 12.706) for the case of one degree of freedom.
The heavy dotted line in Fig. 1 shows the limiting slope behavior on functions fitted to the experimental data (shown implied by the theoretically defined values of the nearas solid points). In contrast, the dot-dash curve labeled "lindissociation theory constant X,(4) from Table II that its behavior at the intercept is quite incorrect, and hence that the value of the intercept ug implied by that extrapolation is much too small.
Another extreme approach would be to fit the experimental data to Eq. (2), (3), or (5) while allowing X,(4) (or C,), as well as D, ug, and expansion parameters, to vary freely. Cases (i) and (ii) in Table IV (17), and it yields the linear dot-dot-dash line labeled "Cd free, N,,=O" in Fig. 1 . While it represents the data fairly well, it would be quite unreasonable to trust that the behavior of levels lying near the potential minimum would define the correct near-dissociation behavior, so it is not surprising that this approach gives unrealistically large estimates of D and *D* I7 The case (ii) results (see Table IV ) obtained on also allowing pZ or q2 to vary in the fits gave better agreement with the data, and somewhat more plausible extrapolations. However, it is still clear that extrapolations from the neighborhood of the potential minimum which fail to fix the limiting near-dissociation theory constant X0(4) at an appropriate value will tend to be quite unreliable.13
In the four other types of fits considered in Table IV , X,(4) was always held fixed at the value given in Table II . In cases (iii) and (iv), the "leading deviation" parameter p2 (associated with the C, potential constant) was allowed to vary freely, while in cases (v) and (vi) it was fixed at the theoretical value from Table II. Thus, cases (iii) and (v) involve fits to three free parameters, and cases (iv) and (vi) to four free parameters. Consideration of both these results and those of fits to conventional polynomials in (u + i) shows that the uncertainty in the input data for Mgf-Ar is --+ 1.1 cm-'. Thus, cases (iv) and (vi) yield the best fits to these data; the nature of the vibrational extrapolations implied by the several NDE functions associated with these two cases are shown, respectively, as dashed and solid curves in Fig. 1 .
It is clear that all of the solid and dashed curves shown in Fig. 1 yield plausible extrapolations beyond the experimental data, and achieve the predicted limiting slope. The essential difference between these two families of results is the fact that utilization of the full constraint of Eq. (10) (i.e., fixing both C4 and C,) imposes a modest positive curvature on the solid curves at their v-intercept, while fits yielding the dashed curves were free to choose the sign and magnitude of their curvature there. It is interesting to note both the systematic differences between these two sets of results, and the internal consistency within each group. However, from our understanding of near-dissociation theory and of the nature of the long-range potential for this system, it is clear that case (vi) fits (yielding the solid curves) should provide the most realistic estimates of D and ug, and their uncertainties.
The final step of this part of the analysis is to choose a particular NDE function to provide a "recommended" representation of the vibrational energies of the (spin-orbit averaged) A 'II state of Mgf-Ar.
To this end, the N,, = L + M = 3 fits of case (vi) were repeated with vg held fixed at the rounded-off value of 58.4 given in Table IV . The resulting fit to the L=3 exponential expansion of Eq, (5) Table IV , so it was chosen as the "recommended" vibrational expansion for this system. The parameters defining this chosen NDE function are listed in Table V .
C. Results of NDE fits to Mgf-Kr and Mg+-Xe
The data for Mg+-Kr and Mgf-Xe were analyzed in the same manner as those for Mgf-Ar, and the results of those fits are also summarized in Tables IV and V, and the associated near-dissociation theory vibrational spacing plots presented in Figs. 2 and 3 . Unfortunately, the data for Mg+-Xe and Mg+--Kr span a distinctly smaller fraction of the A-state potential well than is the case for Mgf-Ar (30% and 46%, vs 58%), so the uncertainties associated with their vibrational extrapolations are much larger. However, most qualitative features of these analyses are essentially the same.
For both Mgf-Kr and Mg+-Xe, an NP,=O fit with C4 [or X0(4)] free and no empirical expansion parameters yielded an essentially exact fit to the data (within the uncertainties), so no "case (ii)" results are presented for these systems. As shown by the dot-dot-dash lines in Figs. 2 and 3, this type of primitive "LB" extrapolation is just as unrealistic here as it was for Mgf-Ar, and the same is also true of the linear Birge-Sponer (or Morse potential) extrapolations shown as dot-dash curves.
For both systems, fits with four free parameters (NP4=2 for C, free, and NP,=3 for C, fixed) were again required to obtain full agreement with the experimental data. The qualitative difference between the results of case (iv) fits with C6 (or p2) free (dashed curves) and case (vi) fits with C, fixed (solid curves) also remains, although the degree of consistency within each group is greatly reduced. Once again, the case (vi) fits with NP4 =3 and both C4 and C6 fixed (solid curves) are expected to give the most realistic predictions, since they most fully incorporate the available knowledge of the functional behavior of the vibrational energies at the v-intercept.
The results for Mg+--Xe illustrate a weakness of the present NDE fitting program,27 which is that it is not always able to successfully converge nonlinear least-squares fits to Eqs. (3) or (5) for all possible combinations of L and M. In particular, for the case '<CJ fixed, NpQ=2," only two of the seven possible fits converged, while for "CJ and C6 fixed, N,,=3," fits to four of the nine possible models failed to converge. Ensuring stability of nonlinear fits to arbitrary functional forms is of course a difficult problem for which there is no general solution. Converged fits for the recalcitrant cases could probably be obtained if a sufficiently wide range of initial trial parameters were considered. However, if the models for which convergence is achieved represent a sufficiently wide range of functions, little would be gained to justify the extra effort. In the present case, the five converged case (vi) models for Mg+-Xe and eight for Mgf-Kr were deemed to provide an adequate measure of the uncertainty due to model-dependence, so further measures were not undertaken.
As the final step in this analysis, recommended NDE functions to represent the spin-orbit averaged A *II state vibrational energies were selected using the criteria outlined above. For Mg+-Kr, the exponential expansion of Eq. (5) was again selected, while for Mg+--Xe the best representation was deemed to be provided by the [3/O] "outer" (s=4) expansion of Eq. (3). Parameters defining these functions are listed in Table V . The differences between the D, values for these selected functions and the model-averaged I),'s of Table IV are again much smaller than the real uncertainties in the latter, and simply illustrate the effect of modeldependence, D. Spin-orbit splitting and predicted vibrational energies
The atomic spin-orbit splitting associated with the Mg+(*P) ion produced on dissociating the A *II states of Mg+-Rg is 91.55 cm-',37 and angular momentum coupling arguments suggest that the molecular *IIl,2-*II3,2 splitting should be 2/3 of this value, or 61.03 cm-'.17 However, this prediction differs significantly from the splittings of -75, 140, and 260 cm-', respectively, observed for the lower vibrational levels of Mgf-Ar, -Kr, and -Xe. Moreover, as shown by the solid points in Fig. 4 , the spin-orbit splittings of the vibrational levels of the Mg+-Rg molecules vary significantly with u.
While there is no well-established theory for the u-dependence of spin-orbit splittings for vibrational levels approaching dissociation, it seems clear that they must approach the atomic energy interval at this limit. As a result, the observed vibrational splittings were fitted to the expression
i=l where a0 was fixed at the value for the atomic limit, ao=Aso(Mg+)=91.55 cm-',37 and ug was taken from Table  V . Results of fits of this type are presented in Fig. 4 and Table VI. For Rg=Xe and Kr, an exact fit (within the experimental uncertainties) was achieved using a single additional term corresponding to the power i=2 or 3, respectively, while for Rg=Ar some three additional terms were required. Moreover, as is illustrated by the difference between the solid and dashed curves for Mg+-Ar in Fig. 4 , for that system there is ambiguity regarding the interpolation between the molecular values and the atomic limit. The values of the coefficients defining the recommended Aso( u) expansions for the A *II states of these three complexes are listed in Table VI . Since they have no particular physical significance, the statistical uncertainties in these coefficients are not listed, but the number of digits quoted is sufficient to reproduce the experimental splittings within their uncertainties.
In conclusion, therefore, the recommended expressions for the vibrational energies of the A *II,,, and *III,,, states of these Mg+-Rg complexes are
where the -and + signs correspond to the *IIu2 and *113,* states, respectively, GNDE( u) is the recommended "mechanical" A(*II)-state expansion of Table V, and A,,(u) the recommended expansion of Table VI. Taking derivatives of E(u) at u =-f then yields the present estimates of we and o,x, for the A 2II,,2 and *113,* states, while the differences E(u,J -E(0) yield the associated estimates of Do. These quantities are listed in Table VII , together with the corresponding recommended value of the X *c+ state dissociation energy. While their uncertainties are the same, the latter values differ slightly from the case (vi) results presented in Table IV , since they are required to be consistent with particular recommended NDE functions. Similarly, the recommended Do values for the A-states are based on the recommended expansions, and hence are slightly inconsistent (though well within the uncertainties) with the modelaveraged values of Table IV . The uncertainties associated with these w, and w,x, values were obtained as outlined in the discussion associated with Eq. (9). Table VII , even this meager amount of information is able to yield useful predictions regarding the ground-state vibrational intervals.
Since both the long-range potential constants and the X-state dissociation energies are known (to within the uncertainties reported in Table VII ), the free parameters in a NDE fit to the two experimental binding energies would be the vibrational intercept u D and up to one empirical expansion parameter. Under most circumstances, a fit for which the number of data equal the number of free parameters would not be trusted to give meaningful predictions. Within the present methodology, however, the dispersion of the results associated with fits to different models offers a plausible means of estimating uncertainties, even when the individual fits have zero degrees of freedom, so within the reported uncertainties, predictions yielded by the present analysis are expected to be realistic and useful.
As was the case for the A state, NDE functions in which both the limiting behavior constant X0(4) and the leading deviation parameter p2 of Eq. (10) are fixed at theoretical values are expected to have the most realistic behavior. Thus, all of the NDE fits reported below use this type of function. For all three species, the Np4 = 1 fits (with p2 fixed) with only one free parameter ( ur,) yielded very poor fits to the (two) data, so only the Np4 =2 fits with two free parameters (ug, and either p3 or q3) are considered below. The fact that the dissociation energy may be treated as known here means that the type of near-dissociation theory plot most appropriate for illustrating the results is one of [D -G(u) ] 1'4 vs u, where the abscissa intercept gives the value of ug , and the limiting slope is again determined by the (known) value of X,,(4).
In Fig. 5 , the solid points correspond to the experimental binding energies implied by the recommended ground-state dissociation energies of fits to the upper-and lower-bound data. Once again, the longer extrapolations for the Kr and Xe species gives rise to much greater uncertainties. Table VIII lists both the modelaveraged values of ug yielded by this analysis, and the parameters characterizing representative NDE function for the vibrational levels of these species. Note that the dominant contributions to the uncertainties associated with the recommended ug, w, , and w,x, values comes from the uncertainty in the assumed values of Do(X) obtained from the A -state analyses.
IV. DISCUSSION AND CONCLUSIONS
A possible question regarding the significance of the present results concerns their dependence on the assumed values of the long-range intermolecular potential coefficients of Tables I and III. To examine this point, the fits of Table IV were repeated with trial values of the C4 constants some 10% different than those of Table I , and with C, values some 50% different than those obtained from Eq. (11) using the results of Tables I and III . In view of the accuracy with which atomic polarizabilities are known, these changes are far larger than realistic uncertainties for these coefficients. In all cases, however, the changes in the present results were within our reported uncertainties. Thus, possible error in the assumed long-range potential coefficients will not significantly affect the present results. For the sake of comparison, Table VII also lists the ground-state dissociation energies reported in Ref. 17 . While the differences with the present values seem substantial, they agree within the present uncertainties. In view of the very marked differences between the NDE and "linear BS" extrapolations seen in Figs. 1-3 , this observation may seem somewhat puzzling. However, it merely reflects the fact that since vibrational spacings become very small near dissociation, a very large error in an estimate of the number of vibrational levels need not be accompanied by a large error in the dissociation energy itself. On the other hand, it does illustrate the fallacy of Ref. 17's statement in that "The LB analysis should give bond energies less than the Morse treatment" (their italics). In particular, for all three species the "linear BS" extrapolation gives a D, value which lies between the NDE results associated with cases (iv) and (vi) in Table IV . Consideration of Figs. l-3 shows that this intermediate situation is an accident associated with the shapes of the various functions in the low-energy (far from dissociation) extrapolation region, so this result should not be taken as a general phenomenon. Rather, I believe that one can make no general statement regarding whether neardissociation theory should give dissociation energies higher or lower than would a Morse potential extrapolation from the potential minimum.
It is also important to remember that while happenstance causes the Morse-potential dissociation energies of Ref. 17 to lie within the uncertainties in the present values, the lack of reported uncertainties for the former means that one had no way of intimating how reliable they might be. In addition to the fact that it is able to impose the correct limiting behavior in the extrapolation region, an important merit of the present procedure is that it automatically gives estimated uncertainties which reflect not only the quality of fit to and correlation within a given model, but also the (usually much larger!) effects of model dependence. The predictions for we and w,x, show that this benefit also extends to quantities calculated from the fitted functions.
A second incorrect assertion of Ref. 17 is that "These facts suggest that the LB analysis is not appropriate for these complexes." The present analysis shows that that conclusion merely reflects the effect of overlooking warnings13 regarding the reliability of NDE fits to data for levels lying far from dissociation, which treat C, [or X,(n)] as a free parameter. In fact, the considerable strength and extended range associated with the ion-induced dipole -C4/r4 contribution to the intermolecular potential, and the fact that accurate estimates of the C4 coefficient may be readily generated for most species, makes molecular ions particularly propitious systems for near-dissociation theory analyses.
The contrast between the "Cd fixed" and the "Cd free" and "linear BS" results in Figs. l-3 shows the importance of imposing the correct limiting functional behavior in vibrational extrapolation problems. The differences between the "C, fixed" and "C4 and C, fixed" results shows the further importance of taking advantage of whatever additional information is available regarding the long-range molecular potential. This is the first reported application of this type of higher-order constraint.
For the Mgf-Rg species, the present analysis has obtained improved estimates of the A-and X-state dissociation energies, vibrational expansions, and vibrational intercepts. It is noteworthy that for the X-states this is based on application of extended near-dissociation theory to a combination of a single experimental vibrational spacing with a dissociation energy determined from the A -state analysis. Moreover, the combined analysis of the vibrational data for the two spin-orbit components and their spin-orbit splittings yields [through Eq. (16) ] an internally consistent and quite compact description of the vibrational energies and spin-orbit splittings for this system. A copy of the computer program developed for performing NDE fits to experimental vibrational energies, and obtaining averaged-over-models estimates of molecular parameters and their uncertainties, may be obtained from the author on request.27
